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Finite-Time Singularities of Solutions of a Class of
Nonlinear Schrodinger Equations

A. Karabis,! E. Minchev,? and A. Rauh®
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Solutions to the initial-boundary value problem for a class of nonlinear
Schrodinger equations are considered. Sufficient conditions are found so that the
solutions do not exist for all times # > 0. An explicit upper bound of the # interval
of existence of the solutions is obtained. The time evolution of a singularity is
demonstrated numerically in the case of the one-dimensional Schrodinger
equation.

1. INTRODUCTION

The nonlinear Schrodinger equation occurs in many applications of
physical sciences; for a review see Kivshar and Malomed (1989). For recent
mathematical studies see Gridnev ez al. (1996), Kamvissis (1996), Mahmood
(1996), and Pelinovsky and Grimshaw (1996).

In the present paper we investigate finite-time singularities of solutions
for the initial-boundary value problem of Schrodinger equations with potential
term U (x)¥, nonlinear term f(I¥I?) ¥, and antidamping ia¥ with oo = 0.
Finite upper bounds are worked out for the time where a singularity evolves.
This is done for bounded space domains in R”, n = 1, 2, ... In particular,
we are interested in what type of singularity appears.

For other types of Schrodinger equations similar studies are carried out
in Bainov and Minchev (1996), De Bouard (1991), Domarkas (1991), Glassey
(1977), Nawa and Tsutsumi (1989), and Zakharov (1972).
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2. PRELIMINARY NOTES

Let Q C R” be a bounded domain containing the origin, with boundary
0Q and Q = Q U 0Q. The smoothness of 6C2 must allow the application of
the divergence theorem, that is, 0Q is a C'-smooth or piecewise smooth
boundary. We assume that x - v = 0 for any fixed x = (x1, ..., x,) € 0Q,
where Vv is the unit outward normal vector at the same point.

Consider the initial-boundary value problem (IBVP) for the following
nonlinear Schrodinger equation:

V=AY +U¥Y —r(¥YHY +ia?, r>0 xeQ (1)

Yo, x) = Yo(x), xeQ )

Y(t, x)lvesn = 0, t=0 (3)
where U € C'! (ﬁ, R) and f € C (R, R) are given functions, Wy is a given
complex-valued function, and o0 = 0 is a constant. We note that equivalent
forms of equation (1) as found in the literature can be obtained by writing

the complex conjugate of (1) and substituting U(x) > —U(x), f > —f,
Y - Y, where ¥ denotes the complex conjugate of V.

Definition 1. The function ¥ which is defined on [0, Ty) X Q)
(0 < Ty = +,) is called a solution of the IBVP_(1)-(3) if:

(i) ¥ and VY are continuous in [0, Tiy) X Q.

(i) The derivatives ¥/, Wi, and Wxo; (7,7 = 1, ..., n) exist and are
continuous in (0, Ty) X Q.

(i) ¥ satisfies (1)~(3).

Furthermore, let

1/q
LYQ) = {‘P;n‘lfnqﬂ = (J 1Pl dx) < +oo}
Q

Lemma 1. Each solution ¥ of the IBVP (1)—(3) satisfies the relation
IYOlEe = WollE.ae™  for ¢ €0, Ty) 4
Proof. Multiplying both sides of (1) by W, taking the imaginary part,
and integrating, we obtain
1d
| WPdx=oa| ¥ (5)

which gives (4). m



Nonlinear Schrodinger Equations 1595

Now we define

F(s) = Jsf(u) du (0 =5 < +x) (6)
0

Lemma 2. Suppose that o0 = 0, and
F(s) =sf(s), Vs=0 (7)
Then each solution ¥ of the IBVP (1)—(3) satisfies the inequality

VY30 + J U)W dx — J F(IY1P) dx < Epe ™, 1 €[0,Ty) (8)
Q Q

where

Eo = |[V¥lBa + J U)Wl dx — J F(IWol?) dx )
Q Q

Proof. We multiply both sides of equation (1) by ?,. Then, taking the
real part and integrating, we obtain

1d 1d 1d
N VYR dx + = Y2 dy — ==
o s JQ| I= dx o s JQ Ux)IYI° dx o s

J F (IP1?) dx
Q

—oIm | PV, dx
Q

o Re J ¥ [—AY + U®Y — fIVP ¥ + V] dx (10)
Q

Making use of (7), we can write

14 {IIV‘PM%,Q + J U )| PPdx — J F(I¥1?) dx}
2 dt 0 N

= OL{IIV‘PII%,Q + J U (x)¥Pdx — J F(IP1? dx}
Q Q

+ ocj [F(IY» — fAYIHIVI?] dx
Q

= OL{IIV‘PII%,Q + J U x)IWI1* dx — J F(IYP) dx} (11)
Q Q

Integration of the last inequality yields (8). m



1596 Karabis, Minchev, and Rauh

3. MAIN RESULTS
We introduce the following assumptions:

Hl. Ey <O,
H2. Ey =0,5(0) <0,
H3. E; > 0,5(0) <0, 8%0) > 16EW(0).

Here
S() =4 ImJ (x-V‘P)? dx 0 =1<Ty (12)
Q
and

W(t) = J IXPIPP dxy (0 <t <Ty) (13)
Q

Theorem 1. Let the following conditions hold:
(i) One of the assumptions H1-H3 is satisfied, and a0 = 0.
(ii) We have

max{F(s), (1 + %)F(s)} = sf(s), Vs =0 (14)

(iil) We have
WH)+x-VUX) =0, VxeQ (15)

Then the solution V¥ of the IBVP (1)—(3) does not globally exist and the time
interval is bounded by

Ty < Ty, = 2W (0){[S*(0) — 16 E,W (0)]"* — S(0)} " (16)
Proof. Multiply both sides of (1) by X2, Then, taking the imaginary
part and integrating, we obtain

1 ij x PIWE dx = —Im J div(PYYP) Il? dx

+ ocj IxI2W1? dx (17)
Q

The first term on the right-hand side of (17) can be rewritten as
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—Im J div(PVP)lxl? dx = 2 Im J (x - VPV dx
Q Q
Thus (17) takes on the form
daw
20w =S
a7

Next we consider

@=4Imj (x-V‘P,)de+4ImJ (x - VIV, dx
dt Q Q

= —4nIm | Y¥dx— 8Im (x - VY)Y, dx
Q Q
The first term on the right-hand side of (20) can be written as

—4n Im J YY dx = 4n||V¥ |30 + 4n J Ux)I'P1? dx
Q Q

—4n | fAIVYPIVI? dx
Q
The second term on the right-hand side of (20) can be written as

—8 Im J (x - W)‘P, dx
Q

1597

(18)

(19)

(20)

21)

=38 ReJ (- VP[— AY + U0 — f(1¥PY + ioaP] dx (22)
Q

=L+ 5L+ L+ 208

where

L= —8 ReJ (x - VP)AY dx
Q

c v P —
—41; JQ xja_xjdw(V‘P) + xja_xjdlv(V‘P) dx

" o [ 0¥ ¥ o [ oY oY
— — x|+ [y
4 kJZ::1 JQ [6xk (xj 6xj an) an (xj an axk):| x

(23)

(24)
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. Y 6‘1’ oY oY
4 kJZ::1 J [Skj Ox; Oxi 0y Ox; ﬁxk:| dx
+421ij6 (IVWY1?) dx

= —8 Re J (- VP)(v - V) do + (8 — 4n)|[VY¥|Ra
oQ

+ 4J (x - IVYI* do
oQ

We further have

L =8Re J G - VPU )V dx
Q
= —4n J U(x)IWI1* dx —4 J (x - VU)IYI? dx
Q Q
4J div(xU(x)IY1?) dx
Q

= —4n J U)IY1? dx— 4 J (x - VU )V dx
Q Q

Finally,
Is = —8 Re J (- V) 1YY dx
Q
= 4n J F(VYP) dx — 4J div(xF(I¥1%)) dx
Q Q
= 4n J F(WYP?) dx
Q
Therefore,
L+bL+ L

=42 —n)|VY|30— 4nJ U)W dx
Q

(25)

(26)

27)

(28)

(29)

(30)

(1)

(32)

(33)
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—4J (x- VU)W dx + 4nJ F(IVYP?) dx+ 4J (x-IVYIP do
Q Q oQ

—8ReJ (x- V(v - V¥) do
oQ
Noting (3), we have Re V¥ || v and ImVY¥ || v on 6Q and

Re J (- VP - V) do = J (x - v)IVY? do (34)
oQ oQ
Thus, since x - v = 0 for any x € ), we get
—8 Im J (x - VI, dx < 42 — n)|[V¥|Bq + 4n J F(IWP) dx
Q Q
—4n J UV dx — 4 J (x - VU )V dx + 208 (35)
Q Q

Therefore, by virtue of (21) and (8) and noting conditions (ii) and (iii) of
Theorem 1, we obtain

% — 208 < 8Epe’™ — 4 J QU (x) + x - VU (x)|'PPdx (36)
Q
+ 42 + n) J F(IYI?) dx — 4n J FAYP)IPP dx < 8Epe ™™
Q Q
Consequently,
S(H) < (S(0) + 8Ep)e ™ (37)
and in view of (19)
W) < (W(0) + S(0)t + 4Eot*)e™ (38)

Clearly, the right-hand side of the last inequality becomes negative for
t >Ty, provided one of assumptions HI-H3 holds. This leads to a
contradiction. =

Remark 1. Let f(I¥1%) = BI¥IP~" with B> 0. Then condition (ii) of
Theorem 1 is satisfied if p = 1 + 4/n.

Theorem 2. Let the conditions of Theorem 1 hold.
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If

lim J IXxI>IP1? dx = 0 (39)
Q

—>TY*

where Ty# is the smallest positive zero of W (), then

lim YOl,o=0 if 1=<¢<2 (40)
t—>Ty*
and
lim YO0 =4+° if 2<g=<+ (41)
t—>Ty*

Proof- Let g €[1, 2) be a fixed number. We choose a constant Y such that

0<y< min{q, g 2 — q)} (42)
Then applying the Holder inequality two times, we get with regard to (4)
Wlidx = IxI Y"1 dx (43)
Q Q
@—q)2 qr2
= x| 727D gy X127 1? dx (44)
Q Q
~ q/2
= Ay PREIR SREIL RN (45)
J Q
~ Y2 (g—7)12
< 4o |21 dx) (J 45 dx) (46)
J Q Q
" V2
= A P11 dx | [Wolldq e "' =0 (47)
Ja
as t > Tyx, t < Ty*, where Ay is a positive constant. Therefore,
lim Y@, =0 it 1=<¢g<2 (48)
t—>Ty*

If ¢ > 2, then we use the Holder inequality once more to obtain
0 <[Wilba ™ = I¥0Re = POl o YO0 (49)
where s € [1, 2) and 1/q + 1/s = 1. Noting (40) and the assumption that
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J P12 dy -0 as t—> Tys, < Ty (50)
Q
we conclude
lim [P, = 4+ if 2<g=<-+cw, =n (51)
t—>TY*

Remark 2. Let the conditions of Theorem 2 hold. The inequality

llj 2
V¥ = 2 Lke

52
2 1 ¥g (52)

implies that

lim VY ()| = + (53)
—>Ty*

if fo IXPIWPP? dx — 0 as t — Tys, t < Tps.

Remark 3. Let us consider the IBVP for the following nonlinear Schrod-
inger equation with damping term (a0 < 0):

V,=—AY + UY — P 1P 'Y + ia?,

t>0, xeQ (54)
Yo, x) = Pox), xe€Q (55)
Y(t, x)lyean = 0, t=0 (56)

where [, p, a are given constants such that p > 1, a < 0. Using the
transformation W(z, x) = exp[ —B¢/(p — 1)] d(¢, x), the IBVP (54)—(56) takes
the form

i, =—Ad + UG — 1o~ + iy, >0, xeQ (57)
00, x) = Yo), xeQ (58)
O(t, ¥)lesn = 0, t=0 (59)

where Yy = a + B/(p — 1).
If we assume that B = —o(p — 1), then Y = 0 and we obtain the IBVP
with antidamping term, to which Theorems 1 and 2 can be applied.

Remark 4. The existence of the L‘—norms of W in the interval
0 <t < Ty* (Ty* < Ty,) does not prevent the occurrence of a singularity
of VY. If the solution of the IBVP (1)—(3) exists for 0 < ¢ < T+, then
Theorem 2 would imply that the wave function ¥ concentrates at the origin
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x = 0. Since this is not plausible in view of the arbitrary possible choice
of the origin, Theorem 2 strongly suggests that a singularity of ‘P, or ‘Px,.x/.
occurs before the time Tp+; T+ is the smallest positive zero of W (%).

4. NUMERICAL EXAMPLES

We give some numerical examples which confirm the predictions of
Theorem 1 and also discuss the nature of the evolving singularity. For simplic-
ity we choose the one-dimensional case of equation (1) with damping factor
o = 0. Furthermore, we adopt the potential and nonlinear term as U (x) =
x? and f(I¥1?) = CIVI*, respectively. Here C is a positive constant. Both
choices are consistent with the conditions of Theorem 1, namely (14) and
(15). Equation (1) then reads

V¥, =HY, H= —% +x2=C¥IY,  xe(—1,1): (60

Yix==x1)=0
The formal solution for small time steps Az is written, in terms of a unitary
operator (Press et al., 1992, pp. 851-853), as follows:
1 — iH At/2

Y+ Aoy =177 A

Y, x) + O(Ar? (61)

When the operator H is discretized by means of second-order differences,
the formula

(1 — iH%) Y+ At x) = (1 + iH%) Yz, x) (62)

amounts to the Crank—Nicholson scheme.
Using N + 1 grid points along the x axis, we arrive at an (N — 1) X
(N — 1) complex, nonlinear, algebraic system of the form

A(n+ 1) 11}(n+ 1 — B(n) (63)
where

PO = P W

Vi =YmA, — 1+ (j — DAy (64)
j=1,...,N+1;
n=20,12 ...

with space step Ax such that N - Ax = 2.
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Moreover, A" is a tridiagonal matrix with a;, b/, and ¢; as subdiagonal,
diagonal, and superdiagonal entries, respectively. They read

aj__iiAAxlz; j=3...,N (65)
br =1+ z&[fxz + x} — Cl‘P,"l“],
j=2,..,N;
xi=—14 (j — DAx (66)
_ 1. A
G T AR
j=2,...,N—1 (67)
Note that the diagonal entries depend on time due to the nonlinear term. In
our case, because of the boundary conditions, ¥ = W4+ | = 0, we have
B = 4y (68)

Equation (63) is solved for the vector ¥ " as follows:
IP(HH)Z[A(HH)]*l Wl{l(") (69)

Since A" depends on W"*Y, we proceed iteratively starting with 4“*"
= A™. The inversion of A”" " is effectively computed by means of the
Thomas algorithm (Press et al., 1992, pp. 50-51).

We checked numericaly three cases corresponding to the three main
assumptions (H1-H3) of Theorem 1. As first case we considered equation
(60) with C = 15 and initial condition W(0, x) = 1 — x2. With this, all
conditions of Theorem 1 are fulfilled including the assumption H1. According
to Theorem 1, the upper bound of the time interval in which a singularity
will occur is Ty, = 0.25. Using the numerical method discribed above with
Ax = 107 and Ar = 107° we find evidence for a singularity at time Ty ~
0.081 (see Fig. 1).

As a second case we considered equation (60) with C = 15.08203125
and initial condition W(0, x) = (1 — x?) exp[— ix’], and as a third case C
= 45 with initial condition (0, x) = (1 — x?)exp[ —i3x%/2]. Again, all
conditions of Theorem 1 are fulfilled including the assumptions H2 and H3
for the second and the third cases, respectively. With the same time and space
steps (Ax = 107%, Ar = 107°) we find evidence for a singularity at time Ty
=~ (.06 for the second and Ty = 0.031 for the third case. The predictions
for the corresponding upper bound of Theorem 1, are Ty, =~ 0.125 and
Ty, = 0.1 respectively.
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~1.
Fig. 1 Real part of the wave function ¥ (solid line) and its space derivative (dot-dashed line)
at times ¢ = 0.06, 0.07, 0.074, and 0.0815. The initial function is ¥ (0, x) = 1 — x2

The results are stable with respect to different discretization steps. In a
range starting from 1072 up to 10~* for Ax and from 10™* up to 107° for Az
we confirm qualitatively the same results and the same critical time T'y.

5. FINAL COMMENTS

In the proof of Theorem 1 we obtained an inequality for the variance
function W (¢) rather than a conservation law as found in Ablowitz and Segur
(1979) because (a) the derivatives of the field ¥ are not necessarily zero at
the boundary 62 and (b) the nonlinearity is not restricted to cubic terms.

According to Theorem 2, if the singularity appears at time Ty (Tgx <
Ty,) which is the smallest positive zero of W (f), then the wave function
completely focuses at the origin x = 0. This is not observed in the numerical
example considered. Rather we have evidence that a significant part of the
norm |||, @ has support in the interval 0 < IxI < 1. This implies that in
the examples of the last section singularities emerge at a time 7' < T'y*.

We have no conclusive evidence on the nature of the singularity corres-
ponding to Fig. 1. Most probably we have a cusp with the slope of W,l,—¢
jumping from — to +%. However, we do not know whether or not the cusp
is at a finite value of W(x = 0). This question could be examined numerically in
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principle by an adaptive grid scheme. However, we think that some analytical
singularity analysis should be feasible.

Regarding basic hydrodynamic models, numerical evidence for finite-
time singularities was found for the Euler equation (Grauer and Sideris,
1995). It is still an open question whether such singularities may arise also
in the dissipative case of the Navier—Stokes equations (NSE). This problem
is related to the fundamental unsolved problem of global existence and
uniqueness of the solutions of the NSE (Doering and Gibbon, 1995; Rauh,
n.d.). In view of this we were interested in whether, in the case of the nonlinear
Schrodinger equation, Theorem 1 could be extended to the dissipative region
with damping parameter o0 < 0. Our attempts have not succeeded so far.

Without effort we found suitable examples which comply with the condi-
tions of Theorem 1. As is immediately seen, the following potentials and
nonlinear terms obey conditions (14) and (15):

U(x) = Zﬂ anx?"; a, = 0; Zﬂ ay < o (70)
fls) = ZV bps’s by = 0; by <oy s=0 (7D
PE p=2In

p=2in

With the choice U(x) = x* we could write down any initial state W(z
= 0,x) = Yo(x) and then adapt the coefficient C of the nonlinear term in
order to have a critical case. So we think that Theorem 1 covers more
than an exceptional set of models. The finite-time criticality of a nonlinear
Schrodinger equation in two space dimensions, as reported in Ablowitz and
Segur (1979), is consistent with Theorem 1.
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